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Context-Free Graphs

Definition (Muller, Schupp; 1985) Corollary (Muller, Schupp; 1985)
A context-free graph is a Being context-free is independent of the choice of
e rooted, the root.

® connected and

Theorem (Muller, Schupp; 1985)

I' is context-free

® involutive
® A-graph for 4 ) ]
. i < ' = A™" for a configuration graph of a PDA
® finite alphabet A with

® uniformly bounded degree and nodes:” Q x I'*

e finitely many end-isomorphism classes. GO/QGS' (p, AY) =2 (g, 37)

if (p,A,a) = (q,8) €6
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Context-Free Graphs in the Wild

Context-free graphs appear naturally as
e Cayley graphs of context-free groups and

® Schiitzenberger graphs of some finitely presented inverse monoids.

These are inverse graphs: Some details o
€= Transiti :
I': inverse A*l-graph with root v Then: J“OV)S and OMITTeo{
I" is context-free <= T has finitely many end-isomorphism classes (definition)

<= T is the configuration graph of some PDA (Muller, Schupp, 1990)
— L uu)is context-free (Rodaro, 2024)

<= T is tree-like labels of cycles at
‘with some reqularity condition”
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Tree-Like Graphs

A directed graph is tree-like
<= it is quasi-isometric to a tree
<= it has a strong tree decomposition

Example

>
©

Idea: This free needs to be ‘confext—free” in some senser
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pDFAs Generating Trees

pDFA: partial deterministic finite automaton over A*!
Every state p of a pDFA generates an involutive tree I'(p) via its tree of runs/path space.

Example

no .
f defeym,m,sﬂc!

pe
RN
P a b1 P

=1
v ® v ® T
aC@DH /\ p /\ (p)
p aa ab' P bla blpl P

A AN

! cannot be read for any a € A*!

I'(p) is inverse and deterministic <= aa~
<= : the pDFA is reduced
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Context-Free Trees

I': inverse ATl tree i.e. a tree as an unlabeled, undirected graph

Theorem (W., arXiv 2026)

I is context-free <= T arises as I'(p) for a state p of a reduced pDFA

Context-free trees
® arise naturally as Schiitzenberger graphs of

® free inverse monoids (Munn trees) and as Caley graphs of free groups.
® inverse monoids with idempotent relators.

® hopefully serve as a stepping stone for general context-free graphs.

Stephen (1990): Deciding Green's relations (R, £, D, J) is closely related to the
(rooted) isomorphism problem for the
Schiitzenberger graphs.
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The Rooted Isomorphism Problem

Z(p): words readable from state p in its pDFA

Example

aC@:) =

Z(p)={a,b~'}*
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The Rooted Isomorphism Problem

Z(p): words readable from state p in its pDFA

Example

O OO

p) ={a b '}* p) = a*b*
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The Rooted Isomorphism Problem

Z(p): words readable from state p in its pDFA

Example

O O OO %

p) ={a b '}* p) = a*b*

Let p and q be states of reduced pDFAs. Then:
I'(p) =T(q) < Z(p) =Z(q)
isomorphic as rooted graphs

It is well known that the latter is NL-complete.
Adapting a construction by Cho & Huynh, we may assume every state to be accessible from p
and g, respectively (for the lower bound).

Jan Philiop Wchter (UoM) 20 July 2026 S
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The Non-Rooted Case: The Problem

Example

A b /\a AW y\a
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The Non-Rooted Case: The Problem

Example

RO o
| {4

bT Iav b Ta
| Ta b bT | 5
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The Non-Rooted Case: The Problem

Example

RO o

bT Iav b Ta
| Ta b bT | ;5

The languages don't seem connected:

Jan Philipp Wachter (UoM) Context-Free Trees 29 July 2026 10/15




The Non-Rooted Isomorphism Problem

Theorem (W., arXiv 2026)

The non-rooted isomorphism problem for inverse context-free trees

Input: states p and g of reduced pDFAs
Question: are I'(p) and I'(g) isomorphic as non-rooted graphs

is in NL-complete.

Jan Philiop Wchter (UoM) 20 July 2026 YR



The Non-Rooted Isomorphism Problem

Theorem (W., arXiv 2026)

The non-rooted isomorphism problem for inverse context-free trees

Input: states p and g of reduced pDFAs
Question: are I'(p) and I'(g) isomorphic as non-rooted graphs

is in NL-complete.

The fricky part is *e NL”,

Jan Philiop Wchter (UoM) 20 July 2026 YR
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Proof Idea

p: state of reduced pDFA A, §: state of a reduced pDFA B, A =TY(g)
Predicate: U(p, q) <= dnode v € A labeled by g : I'(p) = A(v)
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Proof Idea

p: state of reduced pDFA A,  §: state of a reduced pDFA B, A =T(g)
Predicate:  U(p, q) <= Jnode v A labeled by g : I'(p) = A(v)

= qg=g, A(v)=A,i
M(p) = AW = A=T(@) <> 2(p) = 2(@
Thus: U(p,q) <= (q=gand Z(p) =.2(q))

o
=
—~
S
Q¢
~—



Proof Idea

p: state of reduced pDFA A,  §: state of a reduced pDFA B, A =T(g)
Predicate:  U(p, q) <= Jnode v A labeled by g : I'(p) = A(v)

= q=g, A(v)=A, ie Up,3g)
I(p) =A(v) =A=TI(g) < Z(p)=2(q)
Thus: U(p,q) <= (q=gand Z(p) = £(q)) or *v is not the root”
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p: state of reduced pDFA A,  §: state of a reduced pDFA B, A =T(g)
Predicate:  U(p, q) <= Jnode v A labeled by g : I'(p) = A(v)
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N
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Proof Idea

p: state of reduced pDFA A,  §: state of a reduced pDFA B, A =T(g)
Predicate:  U(p, q) <= Jnode v A labeled by g : I'(p) = A(v)

e
20 “n e
Po /:i p1 Pn q
=N al dn U\‘; q
v 4
(SR
q1 am
L'(po) \/ T'(p1) I'(pn) Vi T Vm

['(q1) I'(qm)
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Proof Idea

p: state of reduced pDFA A,  §: state of a reduced pDFA B, A =T(g)
Predicate:  U(p, q) <= Jnode v A labeled by g : I'(p) = A(v)

A NECESER
Po /%Pl : Pn i flﬂ

ap a dp L \6 q
Hql qm
F(PO) 11(pl) 11(pn) Vi e Vm

['(q1) I'(qm)
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Proof Idea

p: state of reduced pDFA A,  §: state of a reduced pDFA B, A =T(g)
Predicate:  U(p, q) <= Jnode v A labeled by g : I'(p) = A(v)

A " @ B qg {a0,- -+, an}
PO y:i p1 > Pn < E]ﬂ ={5717b17"'7bm}

ap al . dp L \6 q
Hql qm
F(PO) 11(pl) 11(pn) Vi e Vm

['(q1) I'(qm)
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Proof Idea

p: state of reduced pDFA A,  §: state of a reduced pDFA B, A =T(g)
Predicate:  U(p, q) <= Jnode v A labeled by g : I'(p) = A(v)

A " @ B qg {a0,- -+, an}
PO y:i p1 > Pn < E]ﬂ ={5717b17"'7bm}

ao a : an M u S ’ q w\oq.: a0 = bt
6’77
15 dm
/F(pox/F(pl) L'(pn) v

['(q1) I'(qm)
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p: state of reduced pDFA A,  §: state of a reduced pDFA B, A =T(g)
Predicate:  U(p, q) <= Jnode v A labeled by g : I'(p) = A(v)

A pE @ = qg {an«-
PO y:i P1 2 Pn / g,ﬂ Z{Z)il,bl,..;

ap al . an u .
? \ Y
PV
Qf}
lﬁqu Aan
I'(po) L(p1) L'(pn) Vi e Vn
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Predicate:  U(p, q) <= Jnode v A labeled by g : I'(p) = A(v)

20 L / _ -1
Po /:i p1 Pn 5 ={b ,bl,..;

ao al an M u\%  wWlog.: ag
/ \/ y \ X l&‘ql : Gn
I'(po) \/ I'(p1) '(pn) Vi Vn
© ®
I'(q1) I'(qn)
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Proof Idea

p: state of reduced pDFA A,  §: state of a reduced pDFA B, A =T(g)
Predicate:  U(p, q) <= Jnode v A labeled by g : I'(p) = A(v)

‘%@ B EJE {a0,...,an}
/“iN 1 ={b'by,..., by}

u q W\Og.l ag = i)_l
%\ v
@ lsql Gn
PO 11(pl (pn Vi e Vn

Jag € ZL(p) : Z(p) \ agAT* =

N
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Proof Idea

p: state of reduced pDFA A,  §: state of a reduced pDFA B, A =T(g)
Predicate:  U(p, q) <= Jnode v A labeled by g : I'(p) = A(v)

Ug wlog.: ap = £
7/ q 4
© ///%\>‘ v
® 77 l& &
) - an
L'(po) 11(pl (pn o Vi e Vn

Jag € ZL(p) : Z(p) \ agAT* = ’
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Proof Idea

p: state of reduced pDFA A,  §: state of a reduced pDFA B, A =T(g)
Predicate:  U(p, q) <= Jnode v A labeled by g : I'(p) = A(v)

‘%@ = EJE /////{ao,...
/1N < =,

M L,’/% q w\oq.. a
e v ,
/ \/ \ A LI
Po P1 (Pn %1 Vn

Jdag € Z(p p)\ aAT* =& 2
& 3q: q—»qel’j’
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p: state of reduced pDFA A,  §: state of a reduced pDFA B, A =T(g)
Predicate:  U(p, q) <= Jnode v A labeled by g : I'(p) = A(v)

‘%@ = EJE /////{ao,...
/1N < =,

M L,’u{s q w\oq.. a
Y v ,
/ \/ \ A LI
Po P1 (Pn %1 Vn

Jdag € Z(p p)\ aAT* =& 2
& 3q: q—» qEBand
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Proof Idea

p: state of reduced pDFA A,  §: state of a reduced pDFA B, A =T(g)
Predicate:  U(p,q, by) <= Jnode v € A labeled by q: T'(p) = A(v)\vh A~

‘%@ = qs /,’//{307"-7an}
/“iN < o ={bY b1, bn}

w g mi
/ \/ \ / 5 / !
v %
le\) qn
PO Pl (Pn %1 000 Vn
Elao G j \ aoAi* =] /
) @)
& 3¢ -2 . g€ Band
P P\ [T(a)
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Predicate:  U(p,q, by) <= Jnode v € A labeled by q: T'(p) = A(v)\vh A~

‘%@ = qs /,’//{307"-7an}
/“iN < o ={bY b1, bn}

M “% gwlog.: ag= b
/ %\ \74
PO Pl / (Pn \ %1 Vn

q
330 € Z \ aoAi* = 7
& 39 €Band Up-a,4,a,") i ©
7 ! vp yh T'(q1) I'(gn)
PO
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p: state of reduced pDFA A,  §: state of a reduced pDFA B, A =T(g)
Predicate:  U(p,q, by) <= Jnode v € A labeled by q: T'(p) = A(v)\vh A~

‘%@ = qs /,’//{307"-7an}
/“iN < . ={1Af1,b1,..;,bm}
o b

M qg ea. =i
f \ L Y V
/ PO\/ pl\ (Pn / Vi ql Vn

330 € Z \ aOAi* — 7
< U(p,q)

& 39 qg,qe[j’and U(p 30,‘7730 ) I'(q

Po
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Proof Idea

p: state of reduced pDFA A,  §: state of a reduced pDFA B, A =T(g)
Predicate:  U(p,q, by) <= Jnode v € A labeled by q: T'(p) = A(v)\vh A~

‘%@ = qs /,’//{307"-7an}
/niN < g . Z{Z)il,bl,..;,bm}
C a0 = b

ng w\oq D ag = b1
v q o
I'(po) P1 (Pn Vi ql Vi

Jdag € Z(p p) \ aAT* = Z(q)\byAT*
& 3G : q—» qEBand U(p ao,q,a0 b

I'(qn)

Po
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or Jag€ Z(p): Z(p)\ aoAi* = .i”(q)\b[)Ai”

and
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Predicate:  U(p,q. by) <= Jnode v € A labeled by q: T'(p) = A(v)\vhyA™"
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p: state of reduced pDFA A, §: state of a reduced pDFA B, A =TY(g)
Predicate:  U(p,q. by) <= Jnode v € A labeled by q: T'(p) = A(v)\vhyA™"

U(Pv q, bu) <~ g=q& X(P) = g(él)\b(,Ai'*
or 3ag € Z(p): ZL(p)\ AT = ZL(q)\ AT

—1
and 3g: g -2~ qe B& U(p- a0, g, a5 ")

NL—A\QOHJH’IYY]: Guess proof for U(p, q) for some g nondeterministically.
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@ Extend this to general context-free graphs. PSPACE?

® Compute the generating automaton from an inverse semigroup/group presentation.
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