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Schiitzenberger Graphs

Let M =1Inv(A | R) be an inverse monoid,
let A=! = {a=! | a € A} be the disjoint set of formal inverses of A with (a=!)~! = a and
let A** = (AW A~1)* be the set of words over A and A~

The Cayley graph @ (M) (for the generating set A) is the directed graph with
nodes M and edges E= {s—2» sa|sc M,ac A*'}.

The Schiitzenberger graph SI'(s) of s € M is the strongly connected component of €' (M)
containing s. This is The R—class of st

An inverse monoid is *fully determined” by its Schiifzenberger graphs,

Schiitzenberger graphs have many “desirable” properties of group Cayley graphs!
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Properties of Schiitzenberger Graphs

Any Schiitzenberger graphs I is...
® deterministic:

=
<
@
)
® involutive: ) o
u—+vinll <= u<2—vinT 09
® co-deterministic: imp\ieol by The above! s
>

n T
Intermezzo!

o (strongly) connected ~ Whal can wetise Sv‘u&hcnbcvgev graphs tor?
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Intermezzo: Homomorphisms and Isomorphism of Directed Graphs

Consider directed A*!-graphs I' = (V, E) and A = (W, F).

A homomorphism ¢: I' = A is a map V — W with

vi % e E = ¢(vi) -2+ p(w) € F forall a e AL

An isomorphism ¢: I' = A is a bijection V — W with

v 2 v € E <= ¢(v1) =2 p(vy) € F forall a e A*L

An automorphism of I" is an isomorphism I' — I".

Now: What can we use Schiitfzenberger graphs for?
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Schiitzenberger Graphs, Maximal Subgroups and Green's Relations

e Aut SI'(s) is isomorphic to the maximal subgroup of M containing ss~*.  (Stephen, 1990)
® sRt <= thereis an isomorphism SI'(s) — SI'(t) mapping ss™ !+ tt7! <= ss1 = tt~!
® s[t <= thereis an isomorphism SI'(s) — SI'(t) mapping s+ t — sls=1t"1¢
® sDt <= thereis an isomorphism SI'(s) — SI'(t) We could use the

s>, t « MsMD MtM word problem..
<= there is a homomorphism SI'(s) — SI'(t)

If we want to decide these algorithmically, we need to
@ compute/describe SI'(s) and

@® decide homomorphism /isomorphism problems.

We may use Stephen'’s procedure to “compute” SI'(s). But: this quickly yields undecidability!

wWhat else can we do?

Jan Philipp Wachter (UoM) Context-Free Graphs in Inverse Semigroup Theory 19 May 2026 5/20



Schiitzenberger Graphs as Automata

Definition

A automaton A is a inverse A*!-graph with some node gy marked as initial and
possibly multiple final nodes F. A \amquage IS a
It accepts the language ZL(A) ={we AT* | go W% fc F}. cubset of A**,
Every automaton accepts a language and

every language L C A™ has a minimal automaton.

Theorem (Stephen, 1990)

SI'(s) with initial node ss—* and final node s is the minimal automaton for the language

L(ST(s) =% (s) = {uec AZ* | u>sin M}.

Thus: Z(ST(s)) = % (s) fully describes ST(s): Buf: undecidable in general
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Tree-Like Graphs

A directed graph is tree-like
<= it is quasi-isometric to a tree
<= it has a strong tree decomposition

Example
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Tree-Like Inverse Monoids

Theorem (Gray, Silva, Szakacs, 2022)

Let M=TInv(A| 41 =nr,...,0, = r,) be finitely presented and s € M.  Then:
ST'(s) is tree-like —> £ (SI'(s)) is context-free

In fact: This is true for certain tree-like subgraphs of Schiitzenberger graphs as well!

Used, for example, in:

Theorem (Gray, Kambites, W., WIP)

G, H: finitely presented groups  Then:
There is a finitely presented special inverse monoid with

® G as group of units and

® H as the maximal subgroup of some idempotent.

What is a context—free language?
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Context-Free Languages

For us:

L C A" is context-free <= L = .%Z(C) for some pushdown automaton C

A pushdown automaton C = (Q, A, T, 4, qo, L, F) consists of:

e Q: finite set of states ® go € Q: initial state

® A: input alphabet GMPW word e | < I': stack bottom symbol

e [': stack alphabe e FC @: final states

® ) C QRx (AU{e}) xT' x Q x I'*: transition relation with elements 7 € § written as

T = p’307A — q,7
Configuration: we A*, pe Q, v € I'*

remaining input word:  agw w
state: p F; ¢
stack: Ay vy
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Example PDA

Example

states: p (initial), g, f(final)  alphabet: {a,b}  stack symbols: A, L (bottom symbol)
transitions: p,a, | — p, AL p,a,A— p, AA p,b,A— q,e
q,b,A— g, q,EL—>f5

remaining input: aabb abb

state: | p accep’f
stack: | L AJ_ a AAJ_ AJ_ J_ €le

w £
ZC)={weA* || q |F| f | forfe F,yel*}
L
={a"b" | n>1}
~ Configuration graph I'(C) with edges {(p, AY') — (¢,7Y') | (p, a0,A — q,7) € 6}
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Context-Free Graphs

Some OleTa”s on

e=Transiti
I': inverse A**-graph with root u  Then: J“OV]S and | Omiﬂeo[

I' is context-free <= I’ has finitely many end-isomorphism classes (definition)
<= T is the configuration graph of some PDA (Muller, Schupp, 1990)
— L uu)is context-free (Rodaro, 2024)

= I is tree-like

*«—"if Schitzenberger graph of a f.p. inverse
semigroup (Gray, Silva, Szakacs)

Now: We may use deterministic PDAs to describe Schiitzenberger graphs.

But: PDASs are algorithmically not “nice”. Can we do befter? Probably..
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Finite Automata Generating Trees

A pDFA is a finite, deterministic A*!-graph whose
nodes we call states and whose edges we call transitions.

Every state p of a pDFA generates an involutive tree via its tree of runs/path space.
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Example
p e — This is the roof:
b1 P

O AT A

p aa abl P bla bplplp

°/ \“j YN YN YN
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Example
Py 9T p T
€ b bb
3i b q q
b P a ab > abb >
%@b T . r(p)
p aa aab » aabb >
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Example

/ N MOT defekm,‘msﬂm
O AN

p aa abl P bla bplplp

°/ \j’ YNy NV

1

['(p) is inverse and deterministic <= aa ' cannot be read for any a € A*!

<= the pDFA is reduced
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Context-Free Trees

I': inverse A*l-tree, i.e. a tree as an unlabeled, undirected graph

Theorem (W., arXiv 2026)

I is context-free <= T" arises as I'(p) for a state p of a reduced pDFA

Context-free trees
® arise naturally as Schiitzenberger graphs of
® free inverse monoids (Munn trees).
® inverse monoids with idempotent relators. ~~» more on next slide

® hopefully serve as a stepping stone for general context-free graphs.
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Inverse Monoids with ldempotent Relators

Lemma (Margolis, Meakin, 1993)
M=Inv(A|¢i=r,i€l) for {i=1=r;in F(A)
<= all Schiitzenberger graphs of M are trees and, thus, context—free it || < o0

Theorem (Margolis, Meakin, 1993)

The word problem
Constant: M =1Inv(A|{;=r) for {;=1=r; in F(A)
Input: uve At
Question: isu=vin M?

is decidable.

This solves R and £.  What about D and 7?
~ Let's look af the homomorphism/
isomorphism problem of confext—free frees:
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The Rooted Isomorphism Problem

Z(p): words readable from state p in its pDFA

Example

O O O O-%

p) ={a b '}* p) = a*b*

Let p and q be states of reduced pDFAs. Then:
I'(p) =T(q) <= Z(p) = Z(q)

isomorphic as rooted graphs

It is well known that the latter is in NL and, thus, polynomial time.
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The Non-Rooted Case: The Problem

Example

RO o

bT Iav b Ta
| Ta b bT | ;5

The languages don't seem connected:
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The Non-Rooted Isomorphism Problem

Theorem (W., arXiv 2026)

The non-rooted isomorphism problem for inverse context-free trees

Input: states p and g of reduced pDFAs
Question: are I'(p) and I'(g) isomorphic as non-rooted graphs

is in NL and, thus, in particular, decidable in deterministic polynomial time.
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e We still need to compute a generating reduced pDFA for SI'(s) from s
and the presentation.

® General context-free graphs are tree-like:

Example
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Thank you!
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