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Motivation

Hilbert's 10th Problem

Is the problem

Input: a polynomial p € Z[X1,..., X(|?
Question: are there values z;, ...,z € Z for the variables such that p(z,...,z) =07
decidable?

Theorem (Matiyasevich; 1970)
The problem is undecidable.
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Introduction Motivation

Positive Results

Theorem (Presburger; 1929 Allowed oprations: 3, VoAV, =, 4, = <. N

The Presburger arithmetic over the natural numbers/integers is decidable.

No multiplication:

Theorem (Tarski; 1930s/1948) IXeR,VXER,A,V,—,p=0,p<0,Q

The first-order theory of the real numbers (with rational coefficients) is decidable.

Where is the border between decidability and undecidability?
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Equations in Groups
Equations in Groups

G: group X: finite set of variables F(X): free group over X
An equation over G is an element w of Gx F(X) written as

w=1.
A system of equations is simply a set {w; = 1,...} of equations.

For algorithms:
Consider finitely generated groups G = (3) and represent the w; as words from (XF! U X*+1)*,

An assignment of variables is a function o: X — G.
We may extend it uniquely into a homomorphism G x F(X) — G by letting o(g) = g Vg € G.
It satisfies (is a solution of) a system {w; =1} if o(w;) = 1 holds in G for all i.
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Equations in Groups
The Diophantine Problem

The Diophantine problem DP; is the decision problem:

Constant: the group G = () single eguatfion
Input: a finite system—ofequations {w; = 1,...,wy = 1}
Question: is the system satisfiable?

equation

Some decidability results:

® DP is decidable in free groups (Makanin 1982, Razborov 1984)

® DP; is decidable in the Heisenberg group (Duchin-Liang-Shapiro 2015)

® DP; is undecidable in free metabelian groups of rank > 2 (Roman'kov 1979)

® DP; is undecidable in non-abelian free nilpotent groups (Truss '95; Duchin-Liang-Shapiro 2015)
® DP is undecidable in Z{ Z (Dong 2024)
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Equations in Groups

Connection: the Word Problem

The word problem is Dehn'’s first fundamental problem in algorithmic group theory:

The word problem of a finitely generated group is the decision problem:
Constant: the group G = (%)
Input: aword w € (X UX™1)* over the generators
Question: is w=1in G? i.e. does w represent the identity?

This is a special form of DP; where the equation only contains constants.
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Equations in Groups

Connection |l: the Conjugacy Problem

Dehn'’s second fundamental problem in algorithmic group theory is the conjugacy problem:

The conjugacy problem of a finitely generated group is the decision problem:
Constant: the group G = (%)
Input: two group elements g, h € G represented as words from (X U X~1)*
Question: are g and h conjugate in G?

This is equivalent to asking whether ZgZ~' = h has a solution in G and,
thus, a special form of DP as well.
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Equations in Groups

Further Variants of the Diophantine Problem

We can...

e _ask about the computational complexity of the problem.
e _compute the full solution set.

® __consider more restricted equations.

For example..
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Quadratic Equations

Quadratic Equations

An equation w =1 over some group G is quadratic if it contains every variable at most twice
where we count each X and X! as one occurrence of X.

Fact

We only need to consider quadratic equations where every variable appears exactly twice.

Suppose: X has one occurrence in w (i.e. w= uXvfore € {—1,1}).
Then: o(w) =1 <= o(X)° = o(u"'v!) and we always have a solution. O
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Introduction Quadratic Equations

A Normal Form for Quadratic Equations

Proposition (Comerford, Edmunds 1981 (7))

Every quadratic equation w =1 can be normalized into one of following three forms:

0
®[[zaz' =1 ‘spherical form*
i=1
d ¢
e [[x. VI [[Zcz' =1 ‘orientable form*
=1 i1
d ¢
e[V ][zaz'=1 *nonorientable form*
=1 =1

(for constants c; € G)

In fact: The normal form can be efficiently computed.
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Introduction Quadratic Equations

Theorem (Dong, Pernak, W.; WIP)

QUADRATICDP is decidable in every (restricted) wreath product of abelian groups A and B.

Theorem (Ushakov, Weiers; 2025)

ORIENTABLEQUADRATICDP; is decidable in every A B.

Proposition
The problem

Constant: any group A} B for abelian groups A and B

Input: a nonorientable equation [T2_, Vs [1&., ZkckZit =1 for ¢, € A1 B
Question: does it have a solution?

is decidable.
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Wreath Products of Abelian Groups

Lamplighter Group and Friends

We will solve spherical equations in groups of the form A! B where A and B are abelian groups.

For This: We need two views:
@ the geometric view and

@® a view based on rings/Laurent polynomials.

We will start with the classic lamplighter group Ly = Z/27 Z.
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The Geometric View
Elements of the Lamplighter Group

i

An element of the lamplighter group is represented by
® an bi-infinite chain of lamps where
® almost all lamps are off but

® 3 finite set of lamps may be on and by

the location of the lamplighter.
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The Geometric View

The Product in the Lamplighter Group

@—O % O—O0—@—0—
—»oco%eéeoo—---
-—CO&O%OOOOOO—
® Consider the first group element.
°

Move the 0-lamp of the second element to the lamplighter of the first one.
® Pointwisely, perform an exclusive or.
® Use the position of the lamplighter in the second element.
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The Geometric View

Generators of the Lamplighter Group

The lamplighter group is generated by the following two elements:

t= ... a= ...

*move the lamplighter” *foggle the current lamp*
In fact: Ly=(at|a®=1[atat|=110c2).
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The Geometric View

Conjugacy in the Lamplighter Group

e Consider an element g with the lamplighter at 0.
e Conjugate it with a ~» invariant

e Conjugate it with t ~» lamp configuration is translated

a7l = @—(?—@
-1 _ .. ) ~ /i\ ™ ) ) ) ) M
aga =~ = —(O) \ ) \I/ ) ) ) I\ I\ ) O—
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The Geometric View

Conjugacy in the Lamplighter Group

e Consider an element g with the lamplighter at 0.
e Conjugate it with a ~» invariant

e Conjugate it with t ~» lamp configuration is translated

gz---@oeéooooooe—---
1= o __ﬁ<£>____ﬁ<%>____ﬁ<:>___ .
tgt*=~-~—©@#©©©@@@@©—---
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The Geometric View
Generalized Lamplighter Groups

® Instead of on/off values, we may use values a; € A.
The pointwise product then is the product of A.
® The underlying graph is the Cayley graph of Z = (x) and
we may replace it by the Cayley graph of B. supp f= {b ¢ B| fib) £ 0}
We obTain: functions B — A with finite support and
an element of B as the lamplighter position
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Lamplighter-Like Groups = The Algebraic View

Abelian Groups as Rings

A: abelian group of rank r=r + ry
Then: A=T[L, Z/miZ x Z" forms a commutative ring with

0a = (o+mlz,...,0+m,lz,0,...,0) and
N—_——
r2 many
la=(1+mZ,....14+m,Z,1,...,1,)
N——

ro many
where A is the additive group.

This allows us to define the ring of Laurent polynomials in multiple variables over A..
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The Algebraic View

Laurent Polynomials

Let X = {Xi,..., X4} be a set of polynomial variables.
For v=(vi,...,vq) € 79, write
XY= X0 XY

We let the X; commute and get X“XY = XUtV

A Laurent polynomial over A in X is a formal sum

Z ayX"  where almost all a, € A are 04.
vezd

The set of all Laurent polynomials is A[X*1].
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The Algebraic View
The Ring of Laurent Polynomials

The Laurent polynomials over A form the ring A[X*!] with

< Z a.,X") + < Z a(,X") = Z (ay+a,)X* and

vezd vezd vezd
( Z a,,X"> . < Z a(,X") = Z ( Z au_va’v> XY
uczd vezd uczd vezd
We have We write
0= Z (DAXb and a=aX® and
bezd Xi=1a X}
1=14X°.
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Lamplighter-Like Groups = The Algebraic View

Functions Z¢ — A with finite support and Laurent Polynomials

o Let A(Z the set of functions Z9 — A with finite support.

e We turn A% into an abelian group using pointwise sum.

There is a natural additive group isomorphism

A AlXH
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The Algebraic View
Abelian Groups and Lattices

lattice is a finitely generated additive subgroup of Z¢

Nofe: We may write any abelian group B of rank d as B = Z9/L for some lattice L.

Every lattice L generates an ideal .7 (L) = (X¢ — 1 | £ el)CAX.
LetL:<£1 pocoy Lo )QZd
Then: #(L) = (Xt —1 ey X —1 )y C A[XT

*The generating set suffices To obfain fhe entire ideal,”
ol oY



The Algebraic View

Abelian Groups and Lattices

of course: We may view a lattice as an extended lattice!

An extended lattice is a finitely generated additive subgroup of Z9 x 7 /27

Nofe: We may write any abelian group B of rank d as B = Z9/L for some lattice L.

Every extended lattice L generates an ideal .7 (L) = (X¢ — (—1)7 | (£,0) € L) C A[X*1].

Theorem

Let L= {(£1,01),...,(€n,0n)) C 79 x 7/27
Then: #(L) = (Xt — (=1)7,..., Xt — (=1)7") C A[X*H]

*The generating set suffices To obfain fhe entire ideal,”
ol oY



The Algebraic View
Acting on Laurent Polynomials

Recall: #(L)=(Xt=1|¢el)
The additive group Z9/L = B acts on A[X*']/.7(L):
viLeZLactson f+.7(L) € AIXT]/.7(L) by XVf+ 7 (L)

This is well-defined: Consider a different representative v+ £. We have:

X=X X f=Xf in AIXE/7(L)
~—

=1
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Lamplighter-Like Groups = The Algebraic View

Again: Lamplighter Groups

Now: B=79/L acts on A[X*!]/Ifor | = .#(L) as a group and we may define

AXE /1% 2% Lvia (F+ b+ L) - (g+ e+ L) = (F+ X2 g+ l,b+c+ L).

AVB~ AIXF/Ixz9/L

Idea:

® fand g are lamp configurations.

® b and ¢ mark the position of the lamplighter.
e Note: g gets shifted by X?.
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Solving Nonorientable Equations
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Solving Nonorientable Equations

Magic Lemma 1

gk € A[X*!], suppgx C [-D, D], my € 7¢

S K
HYE H Zi(gx, M) Z,* = (0,0) has a solution in AQX]/(XE=1) x29/L
s=1 k=1

<:>Eln1,...,n5€Zd:

K s
I Ze(gr. m) ' = (0, 2n.) has a solution in AXT']/(X" =1, X™ = —1) x 29/L
k=1 s=1
Lemma (Magic Lemma 1)
1D .#(L): ideal of AIXF!], we (A1B)xF(X\{Y})
Then: Y?w = (0,0) has a solution in AJXT']/Ix 79/L
<~ 3Inez% w=(0,2n) has a solution in AQXT1]/(I, X" +1) x 29/L

Idea:  (fm? = (f,n)(f,n) = (f+ X"f,2n) = (f(1 + X"), 2n)
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Solving Nonorientable Equations

Magic Lemma 2

K

ny, ... ns: [ [ Zelge m) Z, Z2ns ) sol. in A[XT1]/(Xt = —X"™ =1) x29/L
k=1

Lemma (Magic Lemma 2)
1D .7(L): ideal of AIX*!]  The above has a solution in A[XT']/ (I, X" = —1) x 729/l +—

K
Jne Zd:ka:2n inZ29/L
k=1
K
& 3,0 €7 [] Zulgr, mo)Z," = (0,2n)
=t sol. in ADXEL]/ (1, X™ = —1, X" = —(—1)5) » 29/L
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Result After Magic Lemma 2

K
Eln:ka =2nin Z29/L
k=1
K

&3n,....ns_y: H Zi(gks mk)Z,:1 = (0,2n)
=t has sol. in AIXE1]/(XE = —X™ = (—1)5H1X" = 1) % 29/L

We may swap quantifiers:

K K
3nl, ..., ns_3n: Z my = 2nin Z9/L and H Zk(gk, M) Z,* = (0,2n) has sol.
k=1 k=1
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Solving Nonorientable Equations

Magic Lemma 3

3nl,...,ns_3n: ka =2nin 29/L and HZk gk,paf (0 2‘ﬁ) has sol. in
X™ — 1 by Magic Lemma 4

[xil]/< = X" = (—1)°"X"=1) x 29N

Lemma (Magic Lemma 3)

1D .7(L): ideal of AIXT']  Then:

K
I 28 m) Z* = (0, ¢) sol. in AXF!)/1x 29/L

K
= Emk =cinZ9L and H Zi(gk, 0)Z; " = (0,0) sol. in AXEL /(L X = 1) x 29/L
k=1 k=1
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Solving Nonorientable Equations

Where are we now?

3nl,...,ns_3n:
K
(1] ka =2nin Zd/L and

k=1
K

® ] Z«(gx.0)Z" = (0,0) has sol. in AIXE!]/(XE = —X"™ = (—1)°T' X" = X™ = 1) x 2°
k=1

Recall: *Lamplighter at origin — conjugation is translation®

K
H Zi(gk, O)Z;1 = (0, 0) has a solution in A[Xﬂ]/lr\x 79
= any ideal

K
@Hml,...,mKeZd:ZX’“gkzq) in A /1
k=1
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Solving Nonorientable Equations

Some Combinatorics

K

3nl,...,ns_3n: oka:2nin 79/ and
k=1

@Iny,... Kk EZT: Y Xg=0in AXH]/(XE = —X™ = (—1)°T! X" = X" = 1)
k=1
Observation: We may move along the lattice (L, r,, n, m;) to make the r “small”
BuT: sometimes this creates a —1!

Lemma (Magic Lemma 5)

L C79x 7/2Z: extended lattice with 3¢ : (£,1) € L
K

Then: k1., ke Z9: ZX“kgk =0 in AXt/.7(L)
k=1

Ik, ..., Kl € [-2KD,2K D¢ B .
— 30’1,.. O'KE{:I:]]_} ZO'kX "8k = (DmA[Xi ]/f( )
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Solving Nonorientable Equations

The Final Result

Summing up and re-ordering quantifiers, we get:
gk € AIX*!], supp gk C [-D, DY, my €77

S K
HY? H Zi(gk, M) Z, " = (0,0) has a solution in A1 B
s=1 k=1

3K, ..., Kk € [-2KD,2K D]

— o1, ...,0K € {£1}° finitely many values:
K
k=1

K
@3n,....ns Y 0 X%ge=0in AXH]/((XE = (—1)°TIX" = X™ =1) +
k=1 <Xn’ _ —]].>) ? ? ?

We may freal everything except the nl as constants:
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Solving Nonorientable Equations

The Last Ingredient

K
I,y Y o X g =0 in AXE/((XE = (—1)STIXT = XMo=1) 4 (X = 1))

k=1
Proposition
The problem
Input: fe A[XEL,
L: extended lattice and
ReN

Question: Jki,..., kg € Z9: f=0in AXE/(7(L)+(XK = —1))?
is decidable.
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Thank you!
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