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Algorithmic Problems in Group Theory

Max Dehn's three fundamental problems of algorithmic group theory:

Constant: a group G Constant: a group G
Input: a group element g€ G Input: two group elements g, h € G
Question: is g= 17 Question: 3Jkec G:g= k 'hk

(i.e. are they conjugate)?

Input: two groups G and H
Question: are G and H isomorphic?
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Overview
Why use automata?

® Many examples of (semi)groups with interesting properties arise in this way and

® it allows for a finite description of possibly non-finitely presented (semi)groups.
~ This makes Them algorithmically inferesting:

Let s look at a famous example:
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Example: Grigorchuk's Group...

e _is the historically first e But: It is generated by the automaton:
example of a group of intermediate growth 0/1
(i. e. subexponential but superpolynomial) 1/0

*Burnside Problem”

® _is amenable but not elementary
amenable. *Day Problem*

*Milnor Problem* 0/0
e _is a Burnside group: all elements have 0/0 0/0
finite order but the group is infinite. 0 11
1/1 1/1
0/0

® _is not finitely presented.

‘How does This work?

~ Later!
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Automata and Algorithmic Questions

First: Let's look at what is known algorithmically:
Some known results:

Problem Automaton Groups Automaton Monoids/Semigroups
PSPACE-complete PSPACE-complete
Word Problem ) P , P
(W., WeiB 2020) (D’Angeli, Rodaro, W. 2017)
undecidable
Conjugacy Problem not applicable
jugacy (Suni¢, Ventura 2012) PP
Isomorphism Problem undecidable (follows from Suni¢, Ventura 2012)
- undecidable
Finiteness Problem open o
(Gillibert 2014)
undecidable
Freeness Problem open

(D'Angeli, Rodaro, W. 2024)
These proofs are all somewhat ad—hoc..
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Algorithmic Problems

Comparison: Traditional Presentations

For traditional finite presentations (Q | R), these problems are all known to be undecidable.

Typically, this is done using Markov properties:
Note: we only talk about finitely presented groups here:

An abstract group property P is a Markov For any Markov property P, the problem
property if Constant: Markov property P
® 3G, : G4 has P and Input: a finite presentation (Q | R)
e 3G_: G_ < G — G does not have P Question: has the presented group the
property P?
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There is an earlier version for monoids.
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(D'Angeli, Rodaro, W. 2024)

There are many morve (un)decidability vesulfs for special cases:
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Introduction Algorithmic Problems

Our Example: The Freeness Problem

Input: a group/monoid/semigroup
Question: s it a free group/monoid/semigroup?

. Freeness problem for..
Presentation

groups monoids semigroups
(Q|R) undecidable undecidable decidable
(Markov property)  (Markov property)  (eliminating relations)

. undecidable

matrices open : i
(Klarner, Birget, Satterfield 1991)

undecidable

automata open

(D'Angeli, Rodaro, W. 2024)
There are many morve (un)decidability vesulfs for special cases:
We will discuss the slightly simpler monoid case.
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How can we use automata to generate (semi)groups?
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Automaton Semigroups

Automata

In this setting, an automaton 7 = (Q,X,9) is a
e finite, directed graph
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Automaton Semigroups
Automata

In this setting, an automaton 7 = (Q,X,9) is a

e finite, directed graph whose 0/0
® nodes from @ are called states and
® edges given by ¢ C @ x > x 3 x @ are called transitions and 1/1

e are labeled by pairs a/b of letters from the alphabet . f% ?
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Automaton Semigroups

Automata

In this setting, an automaton 7 = (Q,X,9) is a

e finite, directed graph whose 0/0
® nodes from @ are called states and

® edges given by ¢ C @ x > x 3 x @ are called transitions and 1/1
[}

[}

are labeled by pairs a/b of letters from the alphabet .
A transition p—a&> q
® starts in p
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Automaton Semigroups

Automata

In this setting, an automaton 7 = (Q,X,9) is a

e finite, directed graph whose 0/0
® nodes from @ are called states and

® edges given by ¢ C @ x > x 3 x @ are called transitions and 1/1
[}

[}

are labeled by pairs a/b of letters from the alphabet .
A transition p —2/+ ¢

® starts in p and

® ends in gq.
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Automaton Semigroups

Automata

In this setting, an automaton 7 = (Q,X,9) is a

e finite, directed graph whose 0/0
® nodes from @ are called states and

® edges given by ¢ C @ x > x 3 x @ are called transitions and 1/1
[}

[}

are labeled by pairs a/b of letters from the alphabet .
A transition p —2/+ ¢

® starts in p and

® endsin q. Its

® inputis a
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Automaton Semigroups

Automata

In this setting, an automaton 7 = (Q,X,9) is a

e finite, directed graph whose 0/0
® nodes from @ are called states and /
® edges given by ¢ C @ x > x 3 x @ are called transitions and 1/1
® are labeled by pairs a/b of letters from the alphabet ¥

[}

A transition p —2/+ ¢
® starts in p and
® endsin q. Its
® input is a and its
[}

output is b.
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Automaton Semigroups

Automata

In this setting, an automaton 7 = (Q,X,9) is a

e finite, directed graph whose 0/0
® nodes from @ are called states and /
® edges given by ¢ C @ x > x 3 x @ are called transitions and 1/1
® are labeled by pairs a/b of letters from the alphabet ¥

[}

A transition p —2/+ ¢
® starts in p and
® endsin q. Its
® input is a and its

output is b.

An automaton is
® deterministic if Ya € X Vg € Q : g has at most one outgoing transition with input a.
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Automaton Semigroups

Automata

In this setting, an automaton 7 = (Q,X,9) is a

e finite, directed graph whose 0/0
® nodes from @ are called states and /
® edges given by ¢ C @ x > x 3 x @ are called transitions and 1/1
® are labeled by pairs a/b of letters from the alphabet ¥

[}

A transition p —2/+ ¢
® starts in p and
® endsin q. Its
® input is a and its

output is b.

An automaton is
® deterministic if Ya € X Vg € Q : g has at most one outgoing transition with input a.
® complete if Vae€ X Vg e Q: g has at least one outgoing transition with input a.
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Automaton Semigroups
Automata

In this setting, an automaton 7 = (Q,X,9) is a

e finite, directed graph whose 0/0
® nodes from @ are called states and /
® edges given by ¢ C @ x > x 3 x @ are called transitions and 1/1
e are labeled by pairs a/b of letters from the alphabet .
* A transition p —2/b. ¢

® starts in p and

® endsin q. Its

® input is a and its

® output is b.

An automaton is
® deterministic if Ya € X Vg € Q : g has at most one outgoing transition with input a.
® complete if Vae€ X Vg e Q: g has at least one outgoing transition with input a.

Today we only consider deterministic and complete aufomata:
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Introduction Automaton Semigroups

State Actions

® |dea: every state sequence g € @' induces an action ¥* — X* u— qou
mapping input words to output words.

Example

0/0
1/1

Gl
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Introduction Automaton Semigroups

State Actions

® |dea: every state sequence g € @' induces an action ¥* — X* u— qou
mapping input words to output words.

Example

® The action of e is the identity.
0/0
1/1

Gl
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Introduction Automaton Semigroups

State Actions

® |dea: every state sequence g € @' induces an action ¥* — X* u— qou
mapping input words to output words.

Example

® The action of e is the identity.
0/0 e 0 0 0 g0 000 = 100

]_//1 q i:» e tg» € ﬁ;» e

Gl
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Introduction Automaton Semigroups

State Actions

® |dea: every state sequence g € @' induces an action ¥* — X* u— qou
mapping input words to output words.

Example

® The action of e is the identity.
0/0 e 0 0 0 g0 000 = 100
1/1 gfefele  gg0000=go100=010
0

1 0
5 @) atatote
0 1 0

Jan Philipp Wachter (UoM) The Freeness Problem for Automaton Semigroups 12 March 2026 11/25



Introduction Automaton Semigroups

State Actions

® |dea: every state sequence g € @' induces an action ¥* — X* u— qou
mapping input words to output words.

Example

® The action of e is the identity.
0/0 e 0 0 0 g0 000 = 100

1/1 gfefefe  ggo000=gqol00=010
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Introduction Automaton Semigroups

State Actions

® |dea: every state sequence g € @' induces an action ¥* — X* u— qou
mapping input words to output words.

Example

® The action of e is the identity.
0/0 . q o 000 = 100

1/1 q%» %» %»e 490000 = g o 100 = 010

gqqo 000 =--- =110
ohotel
~~ the action of q increments (reverse) binary
representation (least significant bit first)
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Introduction Automaton Semigroups

Automaton Semigroups

® This defines a congruence
p=7q < YueX :pou=gqou

Example

0/0
1/1 ® ¢ identity

% % % % ® g: increment
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Introduction Automaton Semigroups

Automaton Semigroups

® This defines a congruence
p=7q < YueX :pou=gqou

Example

0/0
1/1 ® ¢ identity

® g: increment
® ge=7eq=74q
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Introduction Automaton Semigroups

Automaton Semigroups

® This defines a congruence
p=7q < YueX :pou=gqou

Example
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Introduction Automaton Semigroups

Automaton Semigroups

® This defines a congruence
p=7q < YueX :pou=gqou

® generated semigroup: ./ (7) = Q" /=71

Example
0/0
1/0 1/1 ® e identity
® g: increment
0/1 ® ge=7eq=74q

q #7 ¢ fori#
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Example
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Introduction Automaton Semigroups

Automaton Semigroups

® This defines a congruence
p=7q < YueX :pou=gqou

e generated semigroup: . (7) = Qt /=7 ‘automaton semigroup”

Example
0/0
1/() 1/1 ® ¢ identity
® g: increment S(T)=q
0/1 ® ge=7eq=74q

q #7 ¢ fori#
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Introduction Automaton Semigroups

Automaton Semigroups, Monoids

® This defines a congruence

p=7q < YueX :pou=gqou
e generated semigroup: .7 (7) = Qt/=7 “automaton semigroup”
e generated monoid: .#(T) = Q*/=r “automaton monoid*

Example
0/0
1/() 1/1 ® ¢ identity
® g: increment S(T) =~ q
0/1 ® ge=7eq=74q

q #1 ¢ fori#
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Introduction Automaton Semigroups

Automaton Semigroups, Monoids

® This defines a congruence

p=7q < YueX :pou=gqou
e generated semigroup: .7 (7) = Qt/=7 “automaton semigroup”
e generated monoid: .#(T) = Q*/=r “automaton monoid*

Example
0/0
1/0 1/1 ® e identity
® g: increment H(T) =S (T) ~q"
0/1 ® ge=7¢€q=74q

q #1 ¢ fori#
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Introduction Automaton Semigroups

Automaton Semigroups, Monoids and Groups

® This defines a congruence
p=7q < YueX :pou=gqou

* generated semigroup: .%(7) = QT /=7 ‘aufomafon semigroup”
e generated monoid: .#(T) = Q*/=r “automaton monoid*
e For groups: add inverses

Example

0/0
1/1 e: identity

® g: increment M(T)=S(T)=q
®qe=7eq=74
q' #7 ¢ for i #j
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Introduction Automaton Semigroups

Automaton Semigroups, Monoids and Groups

® This defines a congruence
p=7q < YueX :pou=gqou

* generated semigroup: .%(7) = QT /=7 ‘aufomafon semigroup”
e generated monoid: .#(T) = Q*/=r “automaton monoid*
e For groups: add inverses

Example

0/0
1/1 ® ¢: identity

® g: increment M(T)=S(T) ~q"
® ge=Teq=7q Y(T)=Fq) =2
q #7 g fori#j
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Automaton Semigroups

Relations and Cross Diagrams

We have: q=qi...qp=7p1...px=p (i.e. a relafion) =
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We have: q=qi...qp=7p1...px=p (i.e. a relafion) =
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Automaton Semigroups

Relations and Cross Diagrams

We have: q=qi...qp=7p1...px=p (i.e. a relafion) =

w
ql+q,1

uy
Yw: : &

Up—1

% —t— q,
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Automaton Semigroups

Relations and Cross Diagrams

We have: q=qi...qp=7p1...px=p (i.e. a relafion) =

w w

a—f— 4 PL—— P
u Vi

Yw: : @ SR

Up—1 Vik—1

9 ——q P —— Pl
u 14
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Relations and Cross Diagrams

Automaton Semigroups

q=q1--- Q=T PpPL---Pk=P

We have:
w w
a—t—d ——d
u Llll
Vw: ' z
Ug—1 I/
G ——q ——d
u u

The Freeness Problem for Automaton Semigroups
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Automaton Semigroups

Relations and Cross Diagrams

We have: q=qi...qp=7p1...px=p (i.e. a relafion) =

w w w w
a—t—q——d pr —— Py —— pf
u Ull %1 \/1
Yw : ' o
Ug—1 Uy Vk—1 Vi1
@ —f—q——dq P —— Pl —— ol
u u u u

= q=dq,...q, =7 p...p =P is a relation
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Automaton Semigroups

Dual Automaton

Idea: Swap letters and states

T = (2, Q,80) with
96 = {a L p| p—2LLs g &}
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Automaton Semigroups
Dual Automaton

Idea: Swap letters and states

AT = (X, Q, 8) with

96 = {a L p| p—2LLs g &}

Example

0/0
1/1

Gl

The Freeness Problem for Automaton Semigroups 12 March 2026 14 /25



Automaton Semigroups
Dual Automaton

Idea: Swap letters and states

AT = (X, Q, 8) with

96 = {a L p| p—2LLs g &}

Example

0/0
1/1

Gl

The Freeness Problem for Automaton Semigroups 12 March 2026 14 /25



Automaton Semigroups
Dual Automaton

Idea: Swap letters and states

AT = (X, Q, 8) with

96 = {a L p| p—2LLs g &}

Example

0/0
1/1

@) O
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Automaton Semigroups
Dual Automaton

Idea: Swap letters and states

AT = (X, Q, 8) with

96 = {a L p| p—2LLs g &}

Example

0/0
1/1

@%é @C@
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Automaton Semigroups
Dual Automaton

Idea: Swap letters and states

AT = (X, Q, 8) with

96 = {a L p| p—2LLs g &}

Example

0/0
1/1

@%(@) 6@5@3
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Automaton Semigroups
Dual Automaton

Idea: Swap letters and states

AT = (X, Q, 8) with

96 = {a L p| p—2LLs g &}

Example

0/0 0
1/1 gt e

@%@) C@f@a ho

0
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Automaton Semigroups
Dual Automaton

Idea: Swap letters and states

AT = (X, Q, 8) with

96 = {a L p| p—2LLs g &}

Example
0/0 0
1/1 gt ete
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Automaton Semigroups
Dual Automaton

Idea: Swap letters and states

AT = (X, Q, 8) with

96 = {a L p| p—2LLs g &}

Example
0/0 0
1/1 gt etetpe

0 0
e

<EF<§> Cma rhodehe
0 1 0
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The Freeness Problem
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The Freeness Problem  Statement

The following problem is undecidable for given automaton semigroups and monoids:

Input: an .-automaton T = (Q,>.0) Il o/iﬁpeyel/lf things for
Question: is #(T)/.#(T) free? 265(;7/}4!:@0’0“?5 and monolds!
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® The proof is based on a reduction from Post’s Correspondence Problem
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Question: is #(T)/.#(T) free? 265(;7/}4!:@0’0“?5 and monolds!

® The proof is based on a reduction from Post's Correspondence Problem and
® vyields further results.

Jan Philipp Wachter (UoM) The Freeness Problem for Automaton Semigroups 12 March 2026 16 /25



The Freeness Problem  Statement

The following problem is undecidable for given automaton semigroups and monoids:

Input: an -automaton T— (Q,>,0) st=st = t=1t
Question: is (T) /4 (T) free? (lett) cancellative?

® The proof is based on a reduction from Post's Correspondence Problem and
® vyields further results.
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The Freeness Problem  Statement

The following problem is undecidable for given automaton semigroups and monoids:
Input: an .-automaton T = (Q,>.0) st=st = t=1"
Question: is (T) /. (T) free? (left) cancellative?  equidivisible?

® The proof is based on a reduction from Post's Correspondence Problem and
® vyields further results.
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The Freeness Problem  Statement

The following problem is undecidable for given automaton semigroups and monoids:

Input: an .-automaton T = (Q,>.0) st=st = t=1"
Question: is S (T)/#(T) free? (left) cancellative?  equidivisible?

® The proof is based on a reduction from Post's Correspondence Problem and
® vyields further results.

Lemma (Levi's Lemma)

A semigroup (monoid) if free if and only if
@ it has a (proper) length function and
® is equidivisible.
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The following problem is undecidable for given automaton semigroups and monoids:

Input: an .-automaton T = (Q,>.0) st=st = t=1"
Question: is S (T)/#(T) free? (left) cancellative?  equidivisible?

® The proof is based on a reduction from Post's Correspondence Problem and
® vyields further results.

Lemma (Levi's Lemma)

A semigroup (monoid) if free if and only if
@ it has a (proper) length function and
@® is equidivisible. S~ What about this part? ~ WIP

Jan Philipp Wachter (UoM) The Freeness Problem for Automaton Semigroups 12 March 2026 16 /25



The Freeness Problem  Statement

The following problem is undecidable for given automaton semigroups and monoids:
Input: an -automaton T— (Q,>,0) st=st = t=1"
Question: is (T) /. (T) free? (left) cancellative?  equidivisible ?
A(T) = (Q\ {id})*?

® The proof is based on a reduction from Post's Correspondence Problem and
® vyields further results.

Lemma (Levi's Lemma)

A semigroup (monoid) if free if and only if
@ it has a (proper) length function and
@® is equidivisible. ™~ What about this part? ~ WIP
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Computability

Reductions
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Computability

Reductions

Decision problem A:
Input: X1y ey Xn
Question:  (xg,...,x,) € A?
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Computability

Reductions

Decision problem A:

This is called an instance of A
x,,/

Input: Xlyeoo,
Question:  (xg,...,x,) € A?
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Computability

Reductions

Decision problem A: This is called an instance of A

There are posifive insTances
eA

Input: X1y ey Xn
Question:  (xg,...,x,) € A?
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Computability

Reductions

Decision problem A: This is called an instance of A

There are posifive and negafive instances
€A g A

Input: X1y ey Xn
Question:  (xg,...,x,) € A?
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Computability

Reductions

Decision problem A: This is called an instance of A

There are posifive and negafive instances
€A g A

Input: X1y ey Xn
Question: (xp,...,xp) € A?
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Computability

Reductions

Decision problem A: This is called an instance of A

Input: XLe X There are posifive and negafive instances

Question: (xp,...,xp) € A?

€A g A
A<B
“A reduces
fo B
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Computability

Reductions

Decision problem A: This is called an instance of A

There are posifive and negafive instances
€A g A

A < B <= there is a computable total function f
“A reduces
fo B*

Input: X1y ey Xn
Question: (xp,...,xp) € A?
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Computability

Reductions

Decision problem A: This is called an instance of A

There are posifive and negafive instances
€A g A

A < B <= there is a computable total function f mapping
“A veduces instances of A to instances of B
fo B

Input: X1y ey Xn
Question: (xp,...,xp) € A?
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Reductions

Decision problem A: This is called an instance of A

There are posifive and negafive instances
€A g A

A < B <= there is a computable total function f mapping
“A veduces instances of A to instances of B such that
fo B’ A3 x < f(x) € B.

Input: X1y ey Xn
Question: (xp,...,xp) € A?
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Computability
Reductions

Decision problem A: This is called an instance of A

There are posifive and negafive instances
€A g A

A < B <= there is a computable total function f mapping
“A veduces instances of A to instances of B such that
fo B’ A3 x < f(x) € B.

Input: X1y ey Xn
Question: (xp,...,xp) € A?

Idea: An algorithm for B also yields one for A.
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Computability
Reductions

Decision problem A: This is called an instance of A

There are posifive and negafive instances
€A g A

Input: X1y ey Xn
Question: (xp,...,xp) € A?

Definton (manyeone reduetion) "
. . . f
A < B <= there is a computable total function f mapping
“A veduces instances of A to instances of B such that lf(x)
fo B’ A3 x < f(x) € B. B
Idea: An algorithm for B also yields one for A. /o
yes  no
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Reductions

Decision problem A: This is called an instance of A

There are posifive and negafive instances
€A g A

Input: X1y ey Xn
Question: (xp,...,xp) € A?

Definton (manyeone reduetion) "
. . . f
A < B <= there is a computable total function f mapping
“A veduces instances of A to instances of B such that lf(X)
fo B’ A3 x < f(x) € B. B
Idea: An algorithm for B also yields one for A. /o
yes  no

In particular: If A is undecidable, so is B.
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Computability
Reductions

Decision problem A:

This is called an instance of A

Input: X1y .-y Xn afic . .
Question: (xr ... .xn) € A? There are posifive and negafive instances
€A g A
Definton (man-one reduction) 4
. . . f
A < B <= there is a computable total function f mapping
“A veduces instances of A to instances of B such that lf(x)
fo B’ A3 x < f(x) € B. B
Idea: An algorithm for B also yields one for A. /o
yes  no

In particular: If A is undecidable, so is B.
Thus: Reduce an undecidable problem to our freeness problem..
TS s



Computability
Reductions

Decision problem A:

This is called an instance of A

There are posifive and negafive instances
€A g A

Defintion (manyone reduction) 4

A < B <= there is a computable total function f mapping

Input: X1y ey Xn
Question:  (xg,...,x,) € A?

“A veduces instances of A to instances of B such that lf(x)
fo B A3 x < f(x) € B. B
Idea: An algorithm for B also yields one for A. 5

In particular: If A is undecidable, so is B. *the complement of yes

Thus: Reduce an undecidable pvob\em fo* our freeness problem..
12 Visrch 2036 I
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Post's Correspondence Problem
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Constant: an alphabet A
Input:
maps o, ¢: I={1,...,n} — A*
Question: 3Jie It : p(i) = ¥(i)? (extended into hom.)
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maps o, ¢: I={1,...,n} — A*
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Idea: We have n= |/| many tiles and must “match” the upper with the lower entries.
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Computability

Post's Correspondence Problem

Constant: an alphabet A
Input:
maps o, ¢: I={1,...,n} — A*
Question: 3Jie It : p(i) = ¥(i)? (extended into hom.)

Idea: We have n= |/| many tiles and must “match” the upper with the lower entries.
2

©(2)

¥(2)
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Computability
Post's Correspondence Problem

Constant: an alphabet A
Input:

maps o, ¢: I={1,...,n} — A*
Question: 3Jie It : p(i) = ¥(i)? (extended into hom.)

Idea: We have n= |/| many tiles and must “match” the upper with the lower entries.

2 1
©(2) e(1)
¥(2) P(1)
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Computability
Post's Correspondence Problem

Constant: an alphabet A
Input:

maps o, ¢: I={1,...,n} — A*
Question: 3Jie It : p(i) = ¥(i)? (extended into hom.)

Idea: We have n= |/| many tiles and must “match” the upper with the lower entries.

2 1 2
©(2) e(1) ©(2)
¥(2) P(1) Y(2)
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Computability
Post's Correspondence Problem

Constant: an alphabet A
Input:

maps o, ¢: I={1,...,n} — A*
Question: 3Jie It : p(i) = ¥(i)? (extended into hom.)

Idea: We have n= |/| many tiles and must “match” the upper with the lower entries.

2 1 2
©(2) e(1) ©(2)
¥(2) P(1) Y(2)

PCP is a classical undecidable problem:
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Computability
Post's Correspondence Problem

Constant: an alphabet A and a padding symbol e & A
Input: a number L and .
. Ve
maps o5 1= {1,... .0k (AU{ept call enries 2
Question: 3Jie I : p(i) =¢ ¥(i)? (extended into hom.) leng

Idea: We have n= |/| many tiles and must “match” the upper with the lower entries.
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PCP is a classical undecidable problem:
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Computability
Post's Correspondence Problem

Constant: an alphabet A and a padding symbol e & A

Input: a number L and .
e
maps o5 1= {1,... .ok (AU et call enries 1Y
Question: 3Jie I : p(i) =¢ ¥(i)? (extended into hom.) leng

Idea: We have n= |/| many tiles and must “match” the upper with the lower entries.

2 1 2
©(2) eee | (1) | eee ©(2)
el (@) |e ¥(1) el (@) e

PCP is a classical undecidable problem:
12 Visrch 3036 T
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Proof
The Reduction

Constant: an alphabet A and a padding symbol e & A
Input: a number L and

maps o, ¢: I={1,...,n} = (AU {e})L
Question: 3Ji€ It : (i) =¢ ¥(i)? (extended into hom.)
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Constant: an alphabet A and a padding symbol e & A
Input: a number L and

maps o, ¢: I={1,...,n} = (AU {e})L
Question: 3Ji€ It : (i) =¢ ¥(i)? (extended into hom.)

Reduction:
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Input: a number L and

maps o, ¢: I={1,...,n} = (AU {e})L
Question: 3Ji€ It : (i) =¢ ¥(i)? (extended into hom.)

Reduction:
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The Reduction

Constant: an alphabet A and a padding symbol e & A
Input: a number L and

maps o, ¢: I={1,...,n} = (AU {e})L
Question: 3Ji€ It : (i) =¢ ¥(i)? (extended into hom.)
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The Reduction

Constant: an alphabet A and a padding symbol e & A
Input: a number L and

maps o, ¢: I={1,...,n} = (AU {e})L
Question: 3Ji€ It : (i) =¢ ¥(i)? (extended into hom.)

Reduction:
® start with an automaton for (A U /)* with identity state e

@ id
gelations: u =7 uforue (AU* @ @)
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Proof
The Reduction

Constant: an alphabet A and a padding symbol e & A
Input: a number L and

maps o, ¢: I={1,...,n} = (AU {e})L
Question: 3Ji€ It : (i) =¢ ¥(i)? (extended into hom.)

Reduction:

® start with an automaton for (A U /)* with identity state e
® add two new identity states #1 and #o

Relations:
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Proof
The Reduction

Constant: an alphabet A and a padding symbol e & A
Input: a number L and

maps o, ¢: I={1,...,n} = (AU {e})L
Question: 3Ji€ It : (i) =¢ ¥(i)? (extended into hom.)

Reduction:
® start with an automaton for (A U /)* with identity state e
® add two new identity states #1 and #o
Relations: UoFrour ... Frolg =7 VoFrovi ... Hovp
<<= Uy...U=Vy...Vp

The Freeness Problem for Automaton Semigroups 12 March 2026 20/25



Proof
The Reduction

Constant: an alphabet A and a padding symbol e & A
Input: a number L and

maps o, ¢: I={1,...,n} = (AU {e})L
Question: 3Ji€ It : (i) =¢ ¥(i)? (extended into hom.)

Reduction:

® start with an automaton for (A U /)* with identity state e
® add two new identity states #1 and #o

Relations: UoFrour ... Frolg =7 VoFrovi ... Hovp

<~ UuUp...Ug=Vy...V
Now: ensure equality in the blocks...
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Blocks in a Relation
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Blocks in a Relation

i/e e
e OO

(dual automaton)

The Freeness Problem for Automaton Semigroups 12 March 2026 21/25



Blocks in a Relation

ile e
= O O=l

(dual automaton)
Why? ~ It is a bit simpler
% easier 10 understand.
12 March 2026 o175



Blocks in a Relation

OOt

(dual automaton)
Why? ~ It is a bit simpler
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Blocks in a Relation

a
UO{—>6
a
#7

uy

#7

#2 é/;: C@#—?/(i@ij id

(dual automaton)

. b ey
Whu? ~ 1T is a bit simp
&% easier 1o understand.
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a
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b
uy
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Whu? ~ 1T is a bit simp
&% easier 1o understand.
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Blocks in a Relation

e O O=t

b
" Jﬁ o (dual automaton)
b Why? ~ It is a bit simpler

% easier 10 understand.
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b
" Jﬁ o (dual automaton)
b Why? ~ It is a bit simpler

% easier 10 understand.
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Blocks in a Relation

w et
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piov OO

b
Uy Jﬁ g (dual automaton)

b | bit simpler
wWhy?  ~ It is a
&% easier 1o understand.
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Blocks in a Relation

w et
frfe—ie

R
o ong o OO

o Jp i Jr} Hk (dual automaton) \
b ’ | bit simpler
wWhy?  ~ 11 s a
&% easier 1o understand.
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Blocks in a Relation

uoi—wﬂa—»e .. e
{—» —P .. e

1} 2
#?%b #?%b #2 );'\/;:C@#—?/(E@Did

o Jp i Jr} Hk + Uk (dual automaton) \
b ’ i | bit simpler
wWhy?  ~ 11 s a
&% easier 1o understand.
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Blocks in a Relation

Vo/Uo{—wé—%»e .. e
«l—> —i—» e

vl/uljfvl/ul%
#?{» #?{» #o e é/;EC@#—/f@Dld

b b b
Ve [t = v ui — v/ ue — e/ ui (dual automaton) \
b ’ i | bit simpler
wWhy?  ~ 11 s a
&% easier 1o understand.
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Blocks in a Relation

Vo/Uo{—wé—%»e .. e
«l—> —i—» e

vl/uljfvl/ul%
#?{» #?{» #o e é/;EC@#—/f@Dld

k</?

b b b
ve / Uy Jl—> Ve /Uy Jl—> ve/ U + ve /U (dual automaton)
b b b Why? ~ It is a bit simpler

% easier 10 understand.
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Blocks in a Relation

Vo/Uo{—wé—%»e .. e
«l—> —i—» e

vl/uljfvl/ul%
#?{» #?{» #o e é/;EC@#—/f@Dld

b b b
Vi/ Uk Jl—> Vi/ Uk Jl—> vie/ Uk + Vie/ U (dual automaton)
b b b Why? ~ It is a bit simpler

% easier 10 understand.
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Blocks in a Relation

a a
vo/u(){—>e—%>e e s k=7 and
«l—) —i—) e ui=vj

vl/uljfvl/ul%
#?{» #?{» #o e é/;EC@#—/f@Dld

b b b
Vie/ Ui = vie/ i | i/ uke — i/ i (dual automaton) \
b ’ i | bit simpler
wWhy?  ~ 11 s a
&% easier 1o understand.
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Blocks in a Relation

a a
vo/u()%e—%»e ... e s k7 and
i_, 4%, e ui=vj

Remaining relations:

vi/u % v1/u1 ... e UO#?Ul---#?Uk.
.. e
F#o Uk

3 =T UpFoUr ...
. : l/e #?/e
ey ="
#2 #2 #2 o...
; f . e
Vi/ Uk Jl—> Vi/ Uk Jl—> vie/ Uk + Vie/ U (dual automaton)

b b b Why? ~ It is a bit simpler

% easier 10 understand.
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Blocks in a Relation

Vo/Uo{—wé—%»e .. e
i—» —i—» e

V1/U1 % V1/U1 %

#?% #?$ #2 ... e

b b b
vk/uk —&H Vk/u;< —&H vk/uk —i—> vk/uk
b b b

The Freeness Problem for Automaton Semigroups

— k=1/{ and
up = vj

Remaining relations:

UpFF2Ur - . . H7 Uk
=TUoFfour ... Uk
Chop off blocks via a )"\//Z #?/e@Did
~ o UFF L VX /e :< >
=TUH2ViFY (dual automaton)
Why? ~ It is a bil simpler

% easier 10 understand.
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Reduction

Consider a relation

U1V X =T ufFovitry
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Proof
R

Consider a relation i/e

Ut vibox =7 udtavibey Ae

¥ ale N
2 i3
IO O O NN
it/e(i) it /(i)

(dual automaton)
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Proof
R

Consider a relation i/e

Ut vibox =7 udtavibey Ae

u u
N
#1 #2
v v
R #o 43; q/e g
> <
it/ (i) it /(i)

(dual automaton)
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Proof
R

Consider a relation i/e

uF1vitox =T uFtavitey Ae
u—f—e u #1/e A #a/e

L
#1 #2
v v
R #2 43; a/e g
> I
it/ (i) it/(i)

(dual automaton)
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Proof
R

Consider a relation i/e

UFF 1 ViEr X =T uFFovifry A e

L
uﬁ—ws uﬁ—>e #1/e A #a/e
L L O
#1 #2
v v
#7 # ﬁ a/e §
it/o(i) it /(i)

(dual automaton)
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Proof
R

Consider a relation i/e

Ut vibox =7 udtavibey Ae

L
uﬁ—ws uﬁ—>e #1/e % #o/e
L L P,
#1 %—> € #2
Qo
v v
#2 #7 ﬁ a/e §
it/o(i) it /(i)

(dual automaton)
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Proof
R

Consider a relation i/e

Ut vibox =7 udtavibey Ae

L
uﬁ—ws uﬁ—>e #1/6 % #2/9
L : )
#1 —i—> e #2 —i—) e
o Bo
v v
# # B a/e i3
ZA I
it/ (i) it /(i)

(dual automaton)
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Proof
R

Consider a relation i/e

Ut vibox =7 udtavibey Ae
U‘i—> e U—J/—) e

L : 9,
#1—‘{—>6 #2—\{—)6
ag Bo

#r —— ey s f 2 q/e §
S T oL oL O
f f it Jo(i) it (i)

(dual automaton)
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Proof
R

Consider a relation i/e
UFF VI X =T uFovitryy — v = ilL...isL e
v L
uﬁ—ws uﬁ—>e #1/e % #a/e
: : D)
#1 ﬁ—> e #2 {—> e
ap Bo

#r —— ey s ﬁ 2 q/e §
SR S Oe oL O
f f it/ o(i) it (i)

(dual automaton)
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Proof
Reduction

Consider a relation

ile
UFF VI X =T uFovitryy — v = ilL...isL e
3 v
uﬁ—ws uﬁ—>e #1/e % #o/e
L L <
#1—f—e #o ——
ap Bo

#r —— ey s ﬁ 2 q/e §
SR S Oe oL O
f f it/ o(i) it (i)

(dual automaton)
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Proof
Reduction

Consider a relation

ile
UFF VI X =T uFovitryy — v = ilL...isL e
L L
uﬁ—ws uﬁ—>e #i/e % #o/e
L L P
#1—f—e #o ——
ap Bo
At el
O AR ‘
o ) a/e ‘e
#r —— #r —— o A 3
f f it/ o(i) it (i)

(dual automaton)
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Proof
Reduction

Consider a relation

ile
i vitox =T ufoviby — v=ib. it Ae
L L
uﬁ—>e u%—>e #1/e % #o/e
| ! N
71 %—> € #2 —i—>
Qo Bo
nto]oe() it | w(a)
: : .L #
IsL (p(is) ,'SL ’l/J(is) i I /1/)(/)
ap BL - e
#? %—> #? —i—) ;/ “‘\ _//o q

‘\ & #o/e 6 #o/e
f f i/l

(dual automaton)
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Proof
Reduction

Consider a relation

ile
U Vo x =7 uovitry = v=qL.. it N e
L L
uﬁ—ws uﬁ—>e #1/6 % #2/6
: : )
#1—f—e #o ——
ag Bo
it (n) ﬁL o(in)
R ) ‘
o BL #\ /'A o
hd—e T4 e 'S
F A i~
Sa A o OO
' f it/ (i)

(dual automaton)
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Proof
Reduction

Consider a relation

ile
UFF VI X =T uFovitryy — v = ilL...isL e
3 v
uﬁ—ws uﬁ—>e #1/e % #o/e
L L ()
#1 %—> € #2 %—’
ap Bo
it (n) ﬁL o(in)
’sL ‘P(-’-s) ’-;L 'l/)(."s) .
o BL #\ /'A o
#,) e #? e = _// q/e ; }
f f Zvo° Hio
O y—f— ° &D #:/e . #1/e fﬁ Sy
' ! i/ (i)

(dual automaton)
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Proof
Reduction

Consider a relation

ile
UFF VI X =T uFovitryy — v = ilL...isL e
L L
uﬁ—ws uﬁ—>e #i/e % #o/e
L L ()
#1 %—> € #2 %—’
ag Bo
it (n) ﬁL o(in)
R ) ‘
ap BL 2
#?—i—>e #?—i—>e 2 A a/e
f f AN
X %—» e y%—> )

f f i/l

(dual automaton)
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Proof
Reduction

Consider a relation

ile
UFF VI X =T uFovitryy — v = ilL...isL e
L L
uﬁ—ws uﬁ—>e #i/e % #a/e
L L (L
#1—f—e #o ——
ag Bo
it (n) ﬁL o(in)
R ) ‘
o BL #\ /'A o
#,) e #? e = _// q/e ; }
f f Zvo° Hio
s P OO o S
! f i/ (i)

(dual automaton)
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Proof
Reduction

Consider a relation

ile
UFF VI X =T uFovitryy — v = ilL...isL e
L L
uﬁ—ws uﬁ—>e #i/e % #a/e
L L ()
#1 %—> € #2 %—’
ag Bo
it (n) ﬁL o(in)
R ) ‘
ap BL 2
#?%_>e #?%_)e R -4 Q/e
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(dual automaton)
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Proof
Reduction

Consider a relation

ile
UFF VI X =T uFovitryy — v = ilL...isL e
L L
uﬁ—ws uﬁ—>e #i/e % #a/e
L L ()
#1 %—> € #2 %—’
ag Bo
it (n) ﬁL o(in)
R ) ‘
ap BL 2
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f f AN
X ﬁ—» e y ﬁ—> e ©
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Relation and Solution

We have shown:

Proposition
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Relation and Solution

We have shown:

Proposition

A (T) is not free
= there is a proper relation

= vl it =7 it it
= i ...is is a PCP solution
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Relation and Solution

We have shown:

Proposition

A (T) is not free
= there is a proper relation
= vl it =7 it it
= i ...is is a PCP solution

Proposition
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Relation and Solution

We have shown:

Proposition

A (T) is not free
= there is a proper relation
= vl it =7 it it
= i ...is is a PCP solution

Proposition
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Main Theorem Proof

Relation and Solution

We have shown:

Proposition Proposition
A (T) is not free it ...is is a PCP solution
= thereis a relation

= il it =7 it it
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Main Theorem Proof

Relation and Solution

We have shown:

Proposition Proposition
A (T) is not free it ...is is a PCP solution
— thereis a relation — #1i1L .. isL#l =7 #gilL ... isL#l
= u#iib. . it =7 utoit it = . (T) is not cancellative
= fj...is is a PCP solution = #(T) is not free

Jan Philipp Wachter (UoM) The Freeness Problem for Automaton Semigroups 12 March 2026 23 /25



Future Work and Open Problems

® What about the free presentation problem for semigroups?

® What about having a length function?
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Future Work and Open Problems

® What about the free presentation problem for semigroups?
® What about having a length function?

® At what activity level does the problem become undecidable?
Decidable for bounded activity monoids?

® \We use these constructions:

Theorem (Macallister Brough, W., Welker 2025)

If S and T are automaton semigroups with a homomorphism S — T or T — S, then the free
product Sx T is an automaton semigroup.
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Summary

Future Work and Open Problems

® What about the free presentation problem for semigroups?
® What about having a length function?

® At what activity level does the problem become undecidable?
Decidable for bounded activity monoids?

® \We use these constructions:

Theorem (Macallister Brough, W., Welker 2025)

If S and T are automaton semigroups with a homomorphism S — T or T — S, then the free
product Sx T is an automaton semigroup.

Corollary (of the construction)

If S is an automaton semigroup, also Sx q* is. The construction is effective.

Is there something similar for adding a free generator to groups?
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Thank you!
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